A2 — [a b] [a b]__ [a24—bc ab4—bd]
le dl|e d] |actde d2+be
a b 3a 3b
3A=3 =
[c d] [30 Sd]
A2=34-T
[ag—i—bc ab+bd}_[3a Sb] [1 II]]
actde d2+bc| [3¢ 3d 0 1
[324—bc ab{—bd]__ [3a——1 3b ]
act+de d? +be N 3c d-1

Equating the top right entries gives ab + bd = 3b. Since b # 0, this implies that

a+t+d=1.
If A2 =3A — I then
3A—- A2 =1
AGBI-A) =1

so this implies that A has an inverse and that A~! = 3] — A. Therefore,
1 d —b] —b
ad —bc| —¢ —d| 3-d

Equating top right entries gives

3—a

—C

Since b #£ 0, this implies that
det(A) = ad — be = 1.

|

Since ad — be = 1, we know that A—1 exists and that

o

d

—C

—b
a
Now since a + d = 3, we know that

3—a b
—c 3—A
d —b}

—C a

SI—A:[

|

Therefore,
ABI—A) =1
3A-A*=1]
A2 =34-1,

as required.

This is a translation 6 units to the right and 3 units up, so the transformation is
x' T N 6
v y 3

r 46
y+3



54 y
4+
3.
2-
1- T
0 .
d-32-1]01 2
-2+
_3.
-4
_5-
[
4.
2.
0]z,
-8-7-6-5-4-3-2-1]0

d The required transformation is
x' 1 0][= -3
= Lo ol o)+ 1]
_lz-3
B L’y + 2]
Therefore, ' = z — 3 and y' = 2y + 2. Solving for z and y gives,

-2
7

z=z +3andy= y

Substituting these into the equation y = z? gives,
I
—2
Y 5 — (:L_I + 3]2
y' —2=2(z'+3)°
y =20z’ +3)2+2

so that the image has equation y = 2(z + 3) + 2.

e This function can be obtained by a sequence of 3 transformations:

f a dilation by a factor of 2 from the z-axis then,

g areflection in the z-axis then,

. 3
h  atranslation by the vector [4]

The required transformation has rule,

V=l S L]



o S
-2y +4]°
3 a The transformation has rule (z,y) — (4z,y) so that
(1,1) = (4,1).
b j  Theimage of the square is now a rectangle with vertices A'(0,0),B'(0,1),C"(4,1), E'(4,0).
ii Thearea of square ABCE is clearly 1.
iii The area of its image A'B'C'E’ is 4.
iv The area of the image would be k.
)= 1Y)
c | = :
y Yy
di Sinces' =4z and y' = y we know that
I
!

a::zandy:y.

Substituting these values into y = z? gives,

2
Yy = il
4
2

. . . 1
Therefore the equation of the image isy = E:r .

ii Atranslation by vector [ ] corresponds to a translation by 2 units in thez-direction and —1 units in the

y-direction. The equation will therefore nowbe

1
= —(z—2)%2-1.
y=15—2)

6,97
2,00 o —

(2,-1)

e This function can be obtained by a sequence of 2 transformations:

. 2
f a translation by the vector [3] then

1
g adilation by a factor of 3 from the z-axis. Therefore, the required transformation is,

M (HEH)

o =

(y+3)

4 a The matrix corresponds to a rotation by angle,

0 — cos™! (%) — gin~! (g) ;



The circle has centre (0, 1) and radius 1. Therefore its equation is
Hy-1)*=1 (1)

ii  The rotation will change the centre of the circle, but not its radius. Tofind the image of the centre, we
evaluate,
3 4 4
5 5 o 5
4 il 1 3
5

. 4 3 .
Therefore, the circle has centre (_E’ E) and equation,

2 o

¢ Expanding and simplifying equations (1) and (2) gives,
224y —2y=0 (3)
8z 6y
— — =0 4
z? + =+ y® + B (4)
Subtract (4) from (3) to give y = 2z. Substitute y = 2z equation (3) to obtain

22+ (4z%) —4z =0

|

522 — 4z =10
z(bz —4)=0
4
z=0,—-
5
8

c'.n||.b.

so that (0, 0) and ( ) are the required points.

BN

§
5
] Therefore, (—2,5) — (-3, 11).

1 1 —
b M :ad—bc[ a}
1 3 -1
:4{3)—(11(2)[—2 4]
1 3 -1
:ﬁ[—z 4}'

¢ If(11,13) is the image of point (a, b) then,
4 1][a] [11
2 2] (o)=L
a 4 1771
[b]:[z 3} [13]
173 -1][11
_E[—z 4”13]
]2
gt
d [4 1] [a} _ '5.:;]
2 3] la | Ha
Therefore, (a,a) — (5a, 5a)

SRTRRH




o

da+b] [Aa

2a+3b| | b
We obtain simultaneous equations
(4—ANa+b=0 (1)
2a+(3—-A)b=0. (2)
Eliminating a gives,
(A=2)(A=5)b=0.

Since b #£ 0, this impliesthat A = 2 or A = 5.
Case 1. If A = 2 then equations (1) and (2) are equivalent. Therefore,

2a+b=0
b= —2a.
Case 1. If A = 5 then equations (1) and (2) are also equivalent. Therefore,
—a+b=20
b—a.
V2 V2
_ [cos 45° —5in45°} 2 T2
~ | sind5° cosd45° | | V2 2
2 2
The inverse matrix will simply be a rotation matrix by g in the clockwise direction,
V2 V2
R1_ cos(—45") —sin(—45") _ 9 9
sin(—45°)  cos(—45°) V2 V2
2 2

The point A(a, b) is rotated by g anticlockwise to the point A’(1,1). Since OA' is at an angle g to the z-axis,
the original point A must be on the x-axis. Moreover, since
0A' = /17 +1%2 = /2,

we know that OA = /2. Therefore the required coordinates are A(+/2,0).

[ V2 V2

_ 2 2 |t

1% 5w

L 2 2

_|l 2

| V2

| 2
-l

| —
—
Il



V2 V2

5Tty

V2 V2

) g J
Slnce\/_ J_

2 , 2,
m_2m+2y
:;ﬂ!_ﬁ=

2

The image of y = 22 is

ﬂ ! V{E ! \/ﬁ ! \/E 12
Tttt v ElyTi gy

ﬂ(y! . xl‘) — (I' + y]’)ﬂ-
Therefore the image has equation v/2(y — z) = (z + y)*.

The acute angle between the z-axisandy =z is 6; = g The acute angle between the z-axis and the line
y = 2z is #3 = tan~! 2. The acute angle between the two lines will then be
™
f=tan 12— —.
an 1

Thatisa=2and b= E

We need to evaluate cos @ and sin 8. We have

cos# = cos(tan™' 2 — g]

— cos(tan"! 2) cos g + sin(tan~! 2) sin z

4
1 1 2 1
= — 4 ——
52 /52
3
- /10
Likewise,
sinf = 1
- VI
Therefore, the required matrix is
3 1
v/ 10 4/ 10
1 3
v/ 10 4/10



wai o] =L
Therefore, (1,3) — (3,1).

ii Reflecting point (a, b) in the line y =  simply switches the z— and y-coordinates.Therefore the images has
coordinates A'(3,1), B'(5,1),C'(3, 3).

-~
W

L 2

O = N W A

X
-5-4-3-2-1/[01 234 5"

i Sincez' =yandy' =z, the equation y = 2% — 2 simply becomes z' = (y')? — 2. Ignoring the dashes,
givesthe equation z = y% — 2.

ii  Substitutey = z into y = 2% — 2 to give
2 -—2=1zx
2—z-2=0
(z—2)(z+1)=0
r=-1,2.

As y = z, the coordinates are (—1,—1) and (2, 2)
iii Substitutingy = 2 — 2 into = = y% — 2 gives,
(z2 2% -2=12z
zt—Ax +4-_2=1¢
et 4z’ —rx+2=0

iv Whenz = %(—14-\;‘3],
T VY

andwhen z = %(—1 —+/5),

1
y=1z°-2= E(—1+ﬁ)
Therefore, the points of intersection are:

(~1,-1),(2,2), (5 (-1 +v5), 5 (-1~ VB), (5 (-1~ vB), 5 (-1 + VB)).

_ = —
9a AE=AC+CE

9AD 4
o +t+1

t
=9 — (b—2
a+t+1( a)

_2ﬂ+Ua+ t 2
o t4+1 t+1 t+1




— 1 (et+2—2)a+th)

t+1
1
= — _(2a+tb
;1 2e+tb)
B
1
b i
!
AT ¢

— —  —
b AEF = AD -+ DE

1—=

1] — —
—a+ S(AF - AD)

1— 1

1 —
= (Ta+ AF)

a
— 1 —
C AE:§(7&+AF)
— —
. 8AF =Ta+ AF
— —
. AF = 8AF — Ta
8
1
1
= ——(16 8tb — (Tt
;7 (16a 48t — (7t + T)a)
1
9Tt 8t .
= 1+tﬂ+ 1+tb’ as required.
— —
d If A, BandF arecollinear, then AF =k AB,k >0
= kb
= 0a + kb
9-Tt
1+t
SL9-Tt=0
0
T

10a Assume P divides AB intheratio z : y.

— = =
OP = 0A+ AP



—
AB

f—l—y
*_(0B-04
=a+t 7 (0B-04)

T+ Yy T
z 1y ery( )
1
= r+vy—zx)a+ b
5, (@+y—z)atab)
= y a + T b
T4y T+y

:ma-i—nbwherem:in: z m,n =0

z+y’ Tty
y T
-

z+y x4y
— 1, as required.

andm+n =

— — —
b PC=-AP - 0OA+0OC

=-—-nb—a)—a+c
—nb+na—a+e

¢ Assume @ divides PC in the ratio v : w.

T T
0Q = OA+ AP + PQ

v

v+ w
v

—
PC

=a+nb—a)+

=a+nb—na+

v+w({n—1]u—nb+c]

- v—ll—w[(v+w)a+n(v+w)b_”(“+w}“+v(ﬂ—1)ﬂ—ﬂvb+vc)
1

= v+w((u+w—nv—nw+vn—v)a+(ny+nw_nﬂjb+ﬂc)
1

= v+w[(w—nw)a+nwb+vc}

w(l —n) a nw v

[

v+ w v+ w v+ w




w(l —n)+nw+v

and A+ p+v=
v+ w
_w—nwtnw+v
- v4w
:U+w:1,asrequired.
v+ w
— — —
Ma AB=0B-0A4
=b—-a
— — — —
PQ = PO+ OB + BQ
— —
=—-0OP+b-QB

4— 1—=
=——0A+b—- —-AB
5 2

4 1
_—Eﬂ-+b—§(b—ﬂ)

(o3

—3

:Eﬂ-l— b
0 B
A
f}
o
b — —
i QR=nPQ
3
= (E‘” ")
— —3 —
i QR=PR-PQ
—_— —
(OR OP)—PQ

—
_ (OB+ BR)—OP — PQ

4 3
=b+kb— (10 + b)

a2
e i)

.j'j

0



-3 1 1 1
_3n— 1
0 2
nol, 105
9 3 3
1
and—n:k—|—§
1 5 1 1
k=5x3-373

12a  Let & be the (proper) velocity of the wind relative to a stationary object.
Let w be the man’s velocity, 4 km in a northerly direction.

Let w be the apparent velocity of the wind.

L 4

A W

When the man doubles his speed the wind appears to come from the north west.
Let w' be the new apparent velocity of the wind.
The new velocity is 2u = u + u.
The second vector diagram is superimposed on the first.
The vertices are labelled to describe the triangles.
The triangle BCD is isosceles as ZCBD is a right angle and ZBCD = 45°.
|u| = 4 and therefore |w| = 4.
By Pythagoras’ theorem,
|m|z 4242
and so, |x| = 4+/2
and the direction that it blows from is south west.

c

b The northerly component of the swimmer's velocity is 2000 m/h.
The river is 400 m wide.



400 1
It takes 2000 — & hour to reach the north bank.

The river is flowing from east to west at 1 km /h = 1000 m /h.

. . 1
Hence in Thour the swimmer has gone 5 X 1000 = 200 m downstream.

: :

400 m

!

Let w be the true velocity of the wind.
The cosine rule can be used to determine the magnitude of the velocity.

lu|? = 50% + 607 — 2 x 50 x 60 cos 45°

— 2500 + 3600 — 6000 cos 45°
— 6100 — 3000,/2

So |u| = 43.1 km/h (correct to one decimal place).

60 km/h

50 km/h

For the direction to be determined the sine rule is used.

60  |u
sina  sin45°
. 60 sin 45°
. sihnag= ——
|u|

Therefore, a = 79.88°
The true velocity of the wind is 43.1 km/h blowing at a bearing of 080° (correct to the nearest degree).

Let /DLD' = a°.
From the diagram and using the sine rule

5 B 35
sina  sin100°
. _ 5sin 100°
. SN = T

- a~=81°

This represents a bearing of 230° — 8.1° = 221.9°, or 222° correct to the nearest degree.



— — —
13a 0A—=a,0B=5b,0C =¢
Since A, B and C are collinear,

— —
AC = EAB.
—
c=0C
—
=0A+ AC

—  —
=0A+ EAB

— — —
— OA + k(AO + OB)

— (1-k)a+kb

Soif e = aa + b, and O does not lie onthe line ABC, thena=1—kand=kanda+ = 1.

b i Let N be the midpoint of Y Z.
As G lieson ZM,

— —
ZG = kZM for some non-zero real number k.

Similarly,

— —
XG =1XN for some non-zero real number .

—
ZG will be found in two different ways to obtain simultaneous equations ink and [.




—
ZG = kZM

—
— k(ZX + XM)
— 1 —
—_— 1. — —
= kZX + Sk(XZ + ZY)
1, -2 1,2
—_— = —
Also ZG = ZX + XG
_—
— ZX +IXN
= ZX +(XZ + ZN)

-k — 11—
:ZX+E(—ZX+ EZY)

— 1 —
= (1-0ZX + ;12Y

— 1 — 1 — — 1 —
Thus ZG = $hZX + kZY = (1-1)ZX + 512Y

_ —
is not parallel, to ZY

Hence equating coefficients,

L1 _tandie— L
5 5"~ 3

E:kand%k:l—k
3
— 9 —
ThusZG:EZM.

— 9 —
ii 7@ = EZM

9 — ——
= J(ZX + XM)

22 1
§ZX—|—§XY

9y — 1 — —
SEX + (X2 + 2Y)
— 2—= 1== 1=
L 2G==-Z2X--ZX+=-7Y
3 3 3
1—== 1=
=g+

LY LY LY _:,_
ButZH = hZX,ZK = kZY

— 11— — 11—
So ZX = EZHandZY = —-ZK

k
So ZC — = ZH + 7K
0T Tk

. . g 1 - 1 =
iii Since H,G and K are collinear and ZG = EZH — EZK' from parta



2
Henceh:k:E

This means % = % and so triangles ZHK and ZXY are similar triangles and HK is parallelto XY.

2
(Also HK is parallel to XY impliesh =k = E.}
v Ifh=kthenh=Fk= g.Triangles ZHK and ZXY are similar.

o AreaofANZHK = g(Area of AZXY)

4
— _cm?
9
vi Ifk=2h,
1 1
theni+ﬁ:3
3
) E:?'
and h = l
2

Thus ZH = %ZX and H is the midpoint of ZX. This means that HG is the median and inthis case K

coincides Y.

vii If H lies on the line segment ZX and K lies on the line segment ZY ,then0 <h <land0 < k < 1.
1

1
Now E-'-E:g ...@
1 1
——-3_
S0 3 3
1 3k—1
h  k
ke
"= Sk - ©
me@, %:3—%
_3h-1
~  h
h
k=
3h—-1 @
Now 0<h<1
from@, 0< %1 <1
0<k<3k-1
Consider 3k—1=Fk
- 2k =1
k>1
-2
Hence %ikil
Similarly 0<k<1
h
. <Z
..fmm@, D<3h_1_1
1
=
h_2
Hence %ghgl



viii

1 ke
To check this algebraically, first note that for k > 3’ 3k—1>0,s0A= 3%

h A

The graph of h against k is part of a hyperbola as shown.

Let the area of AXY Z be 1 cm 2.
Then, as AZK X and A XY Z have bases along ZY and have the same height,
area of AZKX ZK

areaof AZYX  ZY

. areaof AZKX = % x areaof AXY Z

= % x 1, since ZK = kEZY

=k
Also, as AZHK and AZK X have bases along ZX and have the same height,

areaof AZHK B ZH
areaof AZKX ZX

= %, since ZH = hZX
=h
areaof AZHK — h x areaof AZKX
. A=hk
Using equation @) in part vii,
k
A=gpo1 *k
k2
T 3k 1
Now, using long division, or the propFrac command of a CAS calculator, A can be expressed as
1 1 1

3 79 T 9@k —1)

1 1
Thus the graph of A against k has an asymptote with equation A = Ek - 9

1
In part vii it was established that k [5, 1] X

. - . 2 4 2 4
Using a CAS calculator, the minimum is at k = 3 and then A = 9 which appears tobe (E’ 5)

2

1 is always positive.

2
Also (k—%) >0



14;

Tr(XY) = Tr([

= Tk _ =
kﬁ_gk 5
4
B> —(3k—1)
9
k2
Now = and so
3k—-1
3(3;«;—1)
A>
- 3k-1
A>3
A . 9
il 1
1(3:3) (1.3)
: VJ’
! -~
B
I L
1l---"
9 l
1
>
0 "1
- k
k=3
LetX:[ﬂ' b} andY = | °© ‘f]
c d g h
a b e f
Tr(X+Y)=T
e =t [ +[] h])
oy a+te b—l—f]
le+g d+h
—a+e+d+h
Tr(X) + Tr(Y) = Tr | b}-kTr[E f]
N lc d g h
—a+d+e+h
Hence Tr(X + Y) = Tr(X) + Tr(Y)
Tr(—X]:Tr[_a _b]
—c —d
=—a—d
a b
—Tr(X)=-T
()= - % |
= —(a+d)
=—a—d

Hence Tr(—X) = —Tr(X)

)

_ [a;e +bg af+ bh]
B ce+dg cf+ dh
—ae+bg+cf+dh

Tr(YX) = Tr([

)

_ [ae—l—cf be—l—df]
B ag+ch bg+ dh



b

= ae+cf + bg+ dh
Hence Tr(XY) = Tr(YX)

Tr(XY — YX) = Tr(XY) — Tr(YX)
=0as Tr(XY) = Tr(YX)
Tr(I) = Tr [[1] (1]]
=2
As Tr(XY — YX) # Tr(I)
XY -YX#Iforany X, Y



